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Statistical Foundations of Wave-Mechanics 


by 
Ulrich Hoyer 


Summarys 

It is shown that Schrédinger's time-independent equation can be 
derived from Boltzmann's statistics, if the discontinuities ne= 
cessarily existing in the latter theory are taken into account. 
Moreover, proof is given that Schrédinger's time-dependent equa= 
tion can also be obtained from Boltzmann's statisticss if a simp] 
statistical assumption concerning the dependence of density in 
phase space on energy and time is introduced. 


ae : 
Introduction: The need for;srational foundations of waveemechanic: 
Introduction: ine need ee ee Eee 


It is well-known that Einstein showed a sceptical attitud 
towards the Copenhagen interpretation of quantum mechanics, He 
favoured a statistical point of view in place of the dualistic 
one. In 1949, in a volume célebrating his Joh birthday, Einstvei 
made the following most interesting remark! 7 

"Assuming the success of efforts to accomplish a complete 
physical description, the statistical quantum theory would, 
within the framework of future physics, take an approximately 
analogous position to the statistical mechanics within the frame 

- work of classical mechanics. I am rather firmly convinced that 
the development of theoretical physics will be of this type; bul 
the path will be lengthy and difrevl i." 

Ideas similar to Einstein's have also been propounded by 
Alfred Landé, who, during the last two decades, constantly aenan- 
aged for a revision of duality, uncertainty and complementarity 
in favour of a corpuscular-statistical quantum theory. In 1961 


he wcteess 


1) Albert Einstein: Philosopher-Scientist. The Library ,of Livin: 
Philosophers. Ed. Paul Arthur Schilpp. New York, 2 ed. 195 
See: Remarks concerning the essays brought together in this 
co-operative volume, pp. 665-655; especially p. 672. 

.2) Alfred Landé, Warum interferieren dic Wahrscheinlichkeiten? 
Zeitschrift fiir Physik, Vol. 162, 1961, pp. 410-412. 
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derstanding quantum theory: the kind of problems which the the= 


ose 


"What we need as an explanation is a reduction of the 
strange wave-like rules of particle mechanics to simple and 
plausible non—undulatory principles"; . 

and in 1969 he suggested that? "a way out of the labyrinth 
of contradictory interpretations will be to deduce the formalism 
of quantum theory from elementary postulates which should be 
absolutely clear and devoid of quantum features to avoid cir= 
cularity." ‘ : 

In 1967, Sir Karl Popper, in an impressive defence of the 
statistical nature of quantum-mechanics, set out as follows? 7 

"My first thesis concerns the most important thing for un= 


ory is supposed to solve, These, I assert, are essentially 


weqroas et 


statistical problems," 
Then, commenting on his second thesis ("statistical questions 
demand, essentially, statistical answers"), Popper added: 
“Statistical conclusions cannot be obtained without statis= 
tical premisses. And therefore answers to statistical questions 
cannot be obtained without a statistical theory." , 
Indeed, a number of urgent questions arises upon studying f 
usual presentations of quantum mechanics, namely; ; 


1) The equations of wave-mechanics are subject to a statistical 

interpretation. Is it possible also to give statistical rea= 
_ sons for this interpretation? . 

2) The comparison with the experiments requires the transition 
from the y ~funetion of the time-independen’ Schmedi nger 
equation to its square. Is there any reason whyy is theo= 
retically as justified as ‘4 ? 

3) What is the physical meaning of the mathematical connection j 
between the time-dependent and the time-independent Schrédin= 
gor-equation$? 


—-— ——-—— 


3) idem, Wahrheit und Dichtung in der Quantentheorie. Physikali= 
sche Blatter, 25. Ja, 1969, ppe 105-109. 

4) Karl R. Popper, Quantum Mechanics Without "The Observer". 
Quantum Theory and Reality. Ed. Mario Bunge. Berlin, Gottin= 
gen, Heidelberg, New York 1967. Studies in the Foundations, 
Methodology, and Philosophy of Science. Vole 2, ppe T-44; 
especially p. 15. : 
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4) Why does the imaginary unit i enter the time-dependent 

Schrédinger-equation? : \ 

Neither Schrédinger's original version of wave-mechanics 
which presented the latter as an expansion of Newton's mechanics 
on account of an analogy between optics and mechanics, nor the 
axiomatizations of quantum mechanics answer the foregoing ques= 
tions. In Schrédinger's approach at least the time-dependent 
equation enters the scene like a deus ex machina. The same is 
true with the usual axiomatizations which begin quantum mechanics - 
by postulating the time- dependent equation. Here the advantage A 
of apparent mathematical rigoresity is more than counterbalanced / 
by the disadvantage that the foregoing physical questions remain | 

open, Now, any foundations whatsoever will rest upon principles 

of an axiomatic character. Therefore, the last question to be ; 
raised here is: 
5) Can there be given simpler axioms, so that the replies to 

our questions appear as natural consequences of our-physicel 

assumptions? . 

In the course of a study of the historical development of 
quantum theory, especially of the period ranging from Boltzmann 
to Planck? , I have lately been led to the same convictions &s 
Einstein, Landé, and Popper. For Planck's discovery of the quan= 
tum of action and his derivation of the law of black-body radi 
tion were based on Boltzmann's statistical considerations”“, so 
that the quaftum theory from its outset had strong statistical 
features, Later, Max Born, after an Sees of almost thirty 
years, gave wave-mechanics @ statistical interpretation. There= 
fore I think that it is worthwhile to look for the statistical 
foundations of wave-mechanics, and I am convinced that the prob= 
Lem will/brought nearer to a solution (if it is not solved at 
all), if it proves possible to deduce Schrédinger's equations 


————— ene 


5) Ulrich Hoyer, Von Boltzmann zu Planck. In print in: Archive 


for History of Exact Sciences. ; : 
6) Thomas S. Kuhn, Black-Body Theory and the Quantum Discontinui= 


ty 1894-1912, Oxford, New York 1976. 
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7 probability /eoncerning the theorems oe equilibrium of heat," 


from probabilistic or statistical assumptions as required 


by Landé and Popper. 
The possibility of a statistical derivation of the 


‘quantum theory has already been discussed by Huves? and 


Bopp’. However, in contradistinction to Fényes, who thought 
that statistical mechanics cannot be applied to wave-mechanics, 
Schrédinger' s theory will be derived here from ideas very 
Similar to Boltzmann's statistical considerations. Bopp, on the 
other hand, emphasized that Newtonian mechanics is of no use 

in quantum theory, whereas the deduction given here will be 
based on classical mechanics (at least indirectly, as Boltz= 
manns considerations which rest upon the classical expressions 
for total energies are made the point of departure). 


Incidentally, the following derivation differs also from 
the stochastic attempts made in recent yoars? Firatiy, See 
CL OCA-— 


unmber—of assumptions .is—less—here., Secondly, the stationary 


case will be considered first, while the time- dependens eaua= 
in. dontrecalistrrtetian le Lz 

tion will be derived fterwards, whereas— Stochastic endeavours 
Hecho flice prer0edart- & SAY, C. Area - 
proceed -vice—versa. 

Finally, I wish to add that, I take a line of reasoning 

eka 

which in the beginning follows,a per published by Ludwig — 
Boltzmann in 1877 under the title "On the pereon of the se= 


cond law of the mechanical theory of noite ihe theory of 
to 
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7) Imre Fényes, Eine wahrscheinlichkeitstheoretische Bepriindung 
und Interpretation der Quantenmechanik, Zeitschrift fiir 
Physik, Vol. 132, 1952, S$. 81-106. 

8) Fritz Bopp, Korpuskula rstatistische Begriindung der Quanten= 
mechanik, Zeitschrift fiir Naturforschung, Vol. 9a, 1954, 
pp. 579- 600. 
idem, Statistische Mechanik bei Stérung des Zustandes eines 
physikalischen Systems durch die Beobachtung. Werner Heisens= 
it und die Physik unserer Zeit. Braunschweig 196.15. pps 
128-149, 

9) J.C. Aron, A Stochastic Basis for Microphysics, Foundations 
of Physics, Vol. 9, 1979, pp. 163-191. 

jo) Ludwig Boltzmann, Uber die Beziehung zwischen dem zweiten 
Hauptsatze der mechanischen Warmetheorie und der Wahrscnein= 
lichkeitsrechnung respektive den Sdtzen tiber das Warmerleich= 
gewicht. Wissenschaftliche Abnandlungen, Vol. 2, reprint of 
the first edition Leipzig 1909, New York 1968, pp. 164-223, 


Boltzmann statistics of the one electron system 


Consider a physical system, e.f. & gas, consisting of 
a large number n of atoms enclosed in a certain volume. The 


atoms are composed of nuclei and electrons. In order not to 


complicate the following formulae too much we first study the 
simplest case, namely that inlvhich every atom contains one 

single electron. In the stationary state the velocities of the 
atoms will be distributed according to Maxwell's law. However, 
the following considerations do not refer to @ laboratory system 
but to systems of coordinates. parallel to each other with their 
origins in the centres of gravity of the atoms, i.e. approximeate= 
ly in the nuclei. For statistical reasons these coordinate sys= 
tems and the appertaining velocity systems are divided into a 
large number of elements of finite extensionAx=Ay=4 z= € and 
AxsA yA z=? - We now ask for the most probable distribution 

of a given constant amount of enrgy U among the n electrons pre = 
sent in the atoms. To this purpose we introduce the following 
statistical axiom, which led Boltzmann to the discovery or the 
relation of entropy and probability: 


Each snecial distribution ("Komplexion" in Boltzmann's 


of the electrons over the cells of the 6n-— dimensional 


hase spaces, which is comnatible with energy conservation. 


js as nrobable as anv otner,. 


If the number of electrons present in a certain element 
of 6—dimensional phase space “ with coordinates x=a Ax, y=bay, 


UaCAL, Xa AX, yaDAY,Z=c4z is Wapodyd? then the density of 
electrons in phase space. n, f, is 


W abcabe 


hoe Pb ° 
£(aax, bay ,caz,aax, bay, coz) = —_——— 
QOXA4VYAZAXAYAZ 


The number of permutations P to which a certain distri= 
bution, characterized by definite values Of He gadis is subject, 
will be 
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Aetp b=+ cry ale tp! b's +" Clare! 
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a>-p b=-4@ Case a's -p! b-q' Cla 


BOCeUSe of conservation of energy wefhere (assume /that J 

KV 9 ZyX eV» and Z ve from -p to +p, -q to +q ete. with finite 
in egome trical snace 

values of p,a,r,p,q', and r. However, neither the finiteness/nor 
the symmetry with respect to the limits -p and +p etc. are ne= 
cessary for our calculation and can be given up in special cases, 

According to Boltzmann the stationary state is the most 
probable one and therfore chantterized by the maximum of P, 
Instead of maximizing P we look for the maximum of 1n P, Further= 
more, the number of atoms n should be large enough to ensure 

re eke) s wag lS i 

that the factors W,) wi! in equation (1) can be replaced by 
Stirling's formula 


. ee eee ae “OD she tight 
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Then the most probable distribution will be given by the maxi= 
mum of : 


In P=ninn — (p+qtrtptdtr+t) ln 27 


Retp b8+G C240 a= tp b 40! Cer! 


- > > > > ) , @ 1 oe ) fies, geld 
Bo Loc ble 


aap 65-9 On Q'enp’ b=Hq! C%-r! 
In Place of (2) we write 


In P=ninn — (p+qterepedtre1)In 27 = n In(axayazacayss) 


“DEZSLD fA prrayaestayas, 
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Obviously, each element Ax ,Ay,AZ, AX, Ay; AZ must be finite, 
for otherwise the second term of the sum (3), and possibly the 
third term as well, would increase infinitely. In this case, 
however, the calculation of the maximum intended here would 
make no sense. Moreover, we must keep in mind that the maximum 
will be determined under the additional conditions that the 
number of particles and also their energy be conserved: 


(4) DL ea pt ¢ Sx4yae axayad ) 
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TS VITIL (V+ waters e ag) *rleasf] 


x ¢ AX AY Kt AKAY AE . 
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Here mis the (reduced) mass of the electron. Maximizing 
equation (3) under the conditions (4) and (5) is a problem 


wee ee ee ee 


in the calculus of variations, which can be solved by Lagrange's: 


method of multipliers. The result is the well~known Maxwell- 
Boltzmann distribution 


ae: AK, bA4, CAR, DAK, bay, cAz) 
(6) y —«f Vlaas, bag cae) + ®L (alsr) "4603 ]~ 
where Xand A are positive constants + 0. 


The distribution function (6) is discontinuous. It will 
now be replaced by a continuous function, namely 


| - ~a f Ube yg ale BMF EF 
(7) re ee he i ial 


From the continuous Maxwell—Boltzmann distribution (7) 


Om 


t 


we obtain by partial differentiation applied to the velocity 
component x 


(8) =f, = oe ~ mom & 
Xx 


Corresponding equations obtain for the eonyouens y ang Zz. There= 


fore, the kinetic energy in the element a4 x pay,c4z of velocity 


space can be expressed by 


Pr dy » 2 Ba Do 7 
(0) 2% Ce ge foe Dae” OF" BF # Soom ff 


The total energy Ef within the element of =. space AAX, bAy, 
CAZ, 2 Sx, DAY, Caz then is 
or ZL 
(10) {UV + z ep oe + 2E + Sample Ee 
eK mH Ox on ey ; 
Since the potential V contains an arbitrary additive constant, 
equation (10) can be transformed into 


(1) fV 45" 1 (2H +s te ar a ae EY 


Bquation (11) is formally similar to the Oe schro= 
dinger—equation, although the density function. f - contrary to 
the space-dependent y -function ~ depends on six variables. 


The correspondence of Boltzmann statistics and wave-mechanics 


From equation (7) follows 


oe 
ca Fe ~ ae (SE) io ale 


Corresponding equations obtain for the variables y and z. We now 
calculate the second partial derivatives of Tf at those points 
in phase space for which the enrrgy is constant: 


(3) SE (x "+g" Rf + Ue & = cut. 


crete aa etree 


LTT ead 


Be = ee 


Then equation (8) yields 


4a) ee Of. SE = Lem £ (E-V] Px mf 


Ox” og” 


We now introduce the sum 


; ae 3 Ly D% cy yep i 
Gis) = Fee a 


——— 

ON ey “pe aad Ox” ey ab aa 
where is a certain constant to be determined later. 
Equations (12) and (14) eon 


Pag fel (% 
(16) oh ial 


We now consider the sveciel case of an isotropic, harmonic os= 
cillator in space having the potential function 


(17) Ps 2a eg ee = 


with A and C constants. 
Insertion in (16) yields 


(i) fa fat L2ava sk. + Be (2B -AU- R)-2ACT, 


If we put 
(19) pee 
~ 


then 


(20) Pie eee ee re~e| 


Insertion of (15) and (20) in (11) yields 


Se ey ne ee eee 


ew rarer meters oo 


-10— 
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(21) Vg - 5 (Th Th Se) (cra) e 


Ox a 
Here the energy E has vanished from the equation. We now put 


3 
(22) C+2-54&F 


* 


and, dividing by the number of electrons n, we obtain 
. a ‘hee ; 
Ona am Oe _ O x 
(23) vp - — ( 26+ 3a = & f- 
ol Km “OX Og: ot ‘ 


¥ is the density of probability that an electron will be found 
at point x,y,Z,%,¥,2 in phase space. Equation (7) shows that 
the functions f and y contain a space- and a velocity—dependent 


factor b. 
Ble yr} (x,9,%] 
(24) : aw a = Gg Oe 


Division of equation (23) by the velocity dependent term ¢ 
yields 


= EGY GH) : 


Pe 


2 
~ 


; ga > wy | OY x 
(25) Vy ~~ (Fe See A26 as £& y. 


¢ 


“Tf we here assume 


(26) K=S- & 


equation (26) is analogous to the time-independent Schrodinger 
equation. The difference is, that according to equation (22) 
E* is a constant, since “ and C are assumed to be constants. 
Boltzmann statistics therefore yields the same result for the 
density of probability as wave-mechanics for the state of 
quantum number n=0. However, this remarkable correspondence 

of Boltzmann statistics and wave-mechanics ceases, 45S is ob= 
vious from equation (16), if we regard more complicated poten= 
tial functions beyond the harmonic oscillator. 


a11= 


The time-independent Schrédinger equation for the one electron 
system 
Now, it can be shown that Planck's theory of blackbody 
radiation can be derived completely from Boltzmann's statisti= 
cal assumptions’), “WSSecially, the discontinuum of energics 
of harmonical, oscillators then follows from the discontinuous 
division ofgphase space, whichis necessary for our statistical 
treatment. Therefore, we suspect that there has been overlooked 
a fundamental property in the consi.derations hitherto presented. 
This cardinal point is the discontinvous character of the Max= 
well~Boltzmann distribution. We duly, stressed discontinuity BE 
deriving equation (6); Howexexy! in oe she Over Yo the conti= 
nuous equations (7), (8), and (11) we neglected these discon= 
tinuities. Therefore, in the following considerations we will 


: j : ae estccctrally we kemys-L (x lee 
take into account the discontinuities Srising from Statistics 


in passing over +o continuous distribution functions. By 
First, the square of velocity in each lattice point of 
phase space is given by equation (8) with sufficient exactness, 
provided that the finite intervals in phase space are small 
enough, while the number of atoms is sufficiently large. Con= 
sequently, we demand from the continuous distribution in ques= 
tion that it will fulfil equation (11). On the other hand, ve. 
must Git Sead to the fact that the density is constant in 
“the neighbourhood of any lattice point (£ does not vary within é 


each finite element in phase space!). Thus, 


con.” A 
(27) <x S const. 3 y 
yr 
whence 
(28) grad f= O ; 
and 
(29) div grad f = O ‘ 


een a IR 


11) see footnote 5). 
mel Title. 1905 
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Hence, f obeys the potential eguation in phase Specks For dimen= 
SIE epee 
sional reasons the velocity variables XV? and Z% will now be 
multiplied by the unit of time T, and the different terms of 
the potential equation become equal with respect to physical 
dimension without changing the numerical value 


(30) 5 ee ae eo o¢ et, 2# log 


Ph ae a-y* 32” ae | eee o4* oe =} 


Insertion of (30) in (11) yields 


. aa a4 Oe my ]- 
(31) VE 7 Date i ye Dig 2 A . 


with : . 


lL 
2 ed e 
(32) K 7 


We next consider all points in phase space for which 
(33) E = const. 
Then equation (29) also holds in passing from element to element 


in phase space. Moreover, f then depends on five independent 
variables, @e&s X,¥,Zsx, and y, so that 


(34) f= fxg 1 %0%¥) ° 
If we put 
(35) xX = const. ; y = const. ; 


we obtain the same equation for the electron density in geometri= 


cal space for any pair of independent velocity coordinates (35). 
Therefore, we are allowed to omit the velocity variables in 
equation (31) 


ae youn 


pa weer 


ai 3= 
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as) V £ lay] - — Vv foyy = FLapes. 


If we divide by the number of electrons n, 


(x, ¥, &| 
(37) ¥ nm ¥K gel = Bats ie J 


we obtain the following differential equation for the density 
of probability in geometrical space 


Ke Dry Ov“ oY 


(38) Vv her ae Dy DEF - EY. 


This is the time-independent Schrodinger equation for the one 
electron system, apart from the numerical factor kK, which is as 
yet uninown and remains to be determined by experiment. 

Given the abbreviation 


’ : ic ay , zc ¢ 
we finally obtain the well-known equation 


(40) | a ied aie 


The time-independent Schrodinger eauation ° for systems of several. 


electrons 


Now it is easy to pass over to atoms containing severel 
electrons by introducing 6 additional variables for every further 
electron. The distribution function will then be 


(41) f= £(x49¥ 4924 9X4 19492749 e808 Kyo Vyye Zap Xp Vy» 20 ’ 
if Nis the number of electrons per atom, Then equations (1), (4), 


and (5) have to be modified in accordance with the number of ad= 
ditional variables, and we have to take into consideration the 


seg te een ce mere roe 
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mutual interaction of the electrons within the atoms. The 
result will be Schrédinger's time-independent equation (40) 


with 
AJ a y 
(42) HfL = >, [ - ro Vv, + Ylie ye, 2a) | 
an ars 
Al 
+ UY, ; eo Es ; 
=. yt eek a ge di’ ’) 
and 
Qo aw pad 
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Incidentally, we obtein the same result, if the elec= 
4rons within the atoms are supposed to be indistinguishable. 
Then the number of permutations (1) has to be divided by the 


constant factor Nit, 


The transition to the sauares of the amplitudes 


As early as 1931 Schrodinger himself raised the fol= 

lowing objection against the possibility of deriving wave- 
-mechanics from statistical mechanics. Pointing out their mu= 
ya) tual discrepancies he wrote '! 7 . 

"The first one is that in the classical theory of sta= 
tistical systems ("Zufallssysteme") the density of probability 
itself is subject to a linear differential equation, whereas 
in wave-mechanics it is the so-called amplitude of probability, 
from which all probabilities are made up pilinearly." 

Indeed, the time-independent Schrodinger equation (38) 
presents a special difficulty. In general there are negative 
solutions. However, electron numbers or probabilities are posi= 
tive quantities. Therefore, usual presentations of quentum 
theory pass over to the squares of the amplitudes pointing to 
the fact that the results of the calculations agree with ob= 


ems ea econo an 6 5 8, Om) 22 6 See wei 
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servations. This reasoning would be acceptable, if proof i 

could be given that ¥ is a solution of the problem as well. 

It is an advantage of the statistical method applied above 

that this proof can in fact be given here, \ 
Let us assume that ¥ is a solution of Schrodinger's i 

equation (38). Then it is possible to show that # ( Arexval > 0). 

obeys the following equation 


we ae 
a K 4 vy n a 
ay Vp | ye | Ey. 
Proof: s | : 
wi Mend 2d aa ue ; 
Ci a D) ¥ wool ag : 
(45) = yee Dye 4 pla iy OX ) 
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and 
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Thus equation (44) transforms itself into 


eo mnt D%y ye DY fe 
(50) WO, Mes Le ae ed ee ee ee 
a age Tae dg" "Oe / 


ant 
Division by ¥Y finally leads to equation (38). Of course, the 


@irection of the proof given above might also be reversed. Then 
equation (44) turns out to be a consequence of equation (38). 
he theory does not give any information about the con= 
stant < appearing in equation (38). Its value has to be deter= 
mined by experiment. The fact that calculations agree with ob= 


servations, if 
(51) fee FS 


“| (4 ae apne 
| 722 


(52) Pomme + ny 


obviously means that the fundamental equation for the probability 


distribution is 
2 


ig a (== O"y ig 
ee SE te eh oe Dy" Oe” 


It is noteworthy that the constant appearing in this equation is 
n/2 in place of he However, since according to the considerations 
given above, equation (53) can be transformed into the time-in= 


dependent Schrédinger ecuation 


hg ; 4» a SO “Vv Fn 
(54) Vp woe ( Soe Og" ‘Se )- ae 


Schrédinger's objections against a statistical derivation of 
equation (54) cannot be maintained any longer 


Schrodinrer's time-dependent eauation 


Let vs now assume that after a period in which the system 
is in the stationary state, disturbing time-denendent forces will 
affect all particles in the same way. As an approach to the non- 
stationary problem we first calculate the variation of density 
in phase space to be expected in the stationary case on account 
of equation (7): 


ao  %& Rei, Ae 4, 
ce Se] - Ere 
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(5) £- FMPESHE tf{= Ae 
Then the variation Af) of the original density is 


5) aha = £ofe> Ale 


or approximately 
(57) Beg, Kp f BME le Hae AE ) 


provided that 


~ “x & (tj —x &, 
aoe 


E 
a Cv sf 


(58) 
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Next, we introduce the following assumption: 
coused by varyines forces 


The variation of density af 
is proportional to the stationary variation 4y multiplied by 
i 7 VE 
«the increment in time dt; i.e. 


(59) ag=gat., tea~quf (Ei-E] de ; 


G = EOHe 

Hence 
(60) are / eps 
2 - gag [elei-=) 
or 

. £62 282 felts 
(61) me BE t]- Fa 
with 


(62) per Gu. 


It may be remarked here that the statistical assumption 
(59) corresponds to Ilya Prigogine's principle of local equi= 
librium applied in non-equilibrium thermodynamics |? ° 


wee ne oe ee Se et ee 


43) Ilya Prigogine, Zeit, Struktur und Fluktuationen.: In: 
Angewandte Chemie, 90. Jg, 1978, pe 704—-715~ 


om: ¢ 


page a an cope gt ene eye eens 
Fang ’ 


™“ 


ts 


~~ wo 


[¥ 


According to the considerations which led to the time- 
independent Schrodinger equation, we apply equation (31) on 
E(t )£(t), so that 


on %- pl 4-3: (FE Pe REI] ope. 


Again we obtain the same distribution in geometrical space for 


all independent variables in velocity space. BRESeHOES the sub= 
stitution 


(64) 7 £(x,9,,%,% J me ¥ O44, e) 


‘yields 


(65) Os ey [ #1 bs - Bo] ¥ 

Oe 
in complete analogy to the calculation of the time-independent 
Schrodinger equation. 

From equation (65) we congude: If the potential function 
goes not vary in time and if the time-independent Schrodinger 
equation is valid, then the density of probability does not vary 
either. If, on the other hand, potential and density function 
@o not vary in time, then the time~independent Schrodinger equa= 
tion ig valid. Therefore, equation (65) is in accordance with 
the stationary result, 

Now, the potential V in the Hamilton operator #7 contains 
an arbitrary additive term C. If we put . 


(66) Cm ee 4 
then 


(67) YE = fHTY « 


Here the potential constant has vanished from the Hamilton ope= 


rator. 


a 


The same consideration may be applied to any stationary 
state Eo Of course, the potential constant then assumes dif= 


ferent values in different cases. However, since C is arbitrary, 


equation (67) comprehends all stationary states. 
So far | *PEVE real PSnber # 0. Consequently, there is 
a variation of the ¥ -function in time, since My # O .iI1f, on 


the other hand, 


(68) aa O 
OC 


we obtain 
(69) ep ye 2 


in place of the time-independent Schrédinger equation. 

Yet, we must expect that. by the foregoing considerations 
touching the potential constant, the fundamental property of our 
theory, namely its transition into the time-independent Schrd= 
dinger equation in any case in which the potential function does 
not vary in time, will not be lost. 

Therefore, if we assume that the time-dependence of the 
¥ -function is 


(70) we fl ¥ (ayes 5 
equation (67) yields | 


fe he . ; 
ee cad ¥(4,9,2) = Hy (44, e) . 


(71) aera 
AB ¥¢ le 
Since we want to preserve the time-independent Schrodinger equa= 
tion , 
/ A 
¢; 
(72) a a £64 = £ 
A ¢lt/ 
or 


74 s apee 
(73) pe) = ¢ , 


eater pec ret 


seem Bm rte On ye tie emer menes © 
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eee nee eee ee 


“Peel 


Creal 


=-20— 


Yet, the time dependent factor (73), in combination with (To) 4 
does not yield the stationary y -function, in accordance with 
our considerations concerning equation (67). 

Therefore we are compelled to admit complex values of the 
¥ -function by introdueing a complex constant in equation (59): 


(74) Ae = JO + ae as i J pee real. 
Then equation (67) reads 


O%e | 
(75) ge i Be tf. - 


The assumption (70) leads to 
_ (Srep] a a 
(76) te = é ¥ (4 4, *), 


. yuerds 
This in/the result of the time-independent Schrodinger equation, 
if we take the absolute amount/ and if < 
. 7 a SS “ 
(77) J = O ; 


Moreover, the theory agrees with experiments, if 


CY as [Pe| = [| = — 


Therefore, from equations (74), (75) ,/ana (78) we finally ob= 
tain the time-devendent Schrodinger equations 


oo. . 
Oe geod aaa 
(79) aor HY ¥ 


and 


(80) ~ tH Cl = 17 at c . 


| ee 


ee 


Concluding remarks 

The deduction of wave-mechanics given here seems to 
have some advantages over other methods of introducing 
Schrédinger's equations. First of all, our attempt takes away 
the mystical aura common to many axiomatic presentations of 
wave-mechanics. Secondly, we reply to all questions raised in 
the introductory chapter. Thirdly, Schrédinger's theory is 
here deduced from two simple assumptions, the first of which 


was already at the bottom of Boltzmann's statistical researches. 
‘Thus, the intimate genetic and systematic connections petween 


Boltzmann's entropy theorem and Schroédinger's wave-mechanics 
: : P a 4 
become apparent, when viewed in this light fherefore) \é may / 
say that Boltzmann,was @ true forerunner of wave-mechanics 
Retcol , Ure -yileledec<cc<-o 


whicly seems to be nothing else than a consistent development 


of Boltzmann's statistics. 


Moreover, we dispense with the heuristically valueole, 
but often criticized wave interpretation of matter, and there= 
fore dismiss duality and complementarity. Ovr theory is cor= 
puscular and statistical from the beginning. There is no need 
for an a posteriori statistical interpretation of the ~-func= 
tion or for non-classical atom-mecnanics like Heisenberg's 
matrix-—mechanicse . 

In addition we offer theoretical reasons for the trans= 
Stion to the squares of the amplitudes in the theory of 
Schrédinger's time-independent equation, and to the squares 
of the absolute pucunts in the, theory of the time-denendent 
equation, operations—-which usually,are made ad hos to fit the 
experiments. 

Finally it should be remembered that Heisenberg! s un= 
certainty relations do not play any part in our deduction. 
This provides evidence in support of Popper's early criticism 
of quantum theory, namely that Heisenberg's uncertainty rela= 
tions (for coordinates and moments) do not represent a proper= 
ty of atomic particles or of our measuring devices, but are 
scatter xslations F) which seem to be intimately connected 
with Liouville's theorem of classical mechanics. 
nd 
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